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Hummel-Dreyer Gel Chromatographic Procedure as Applied to

Ligand-Mediated Association®

John R. Cann* and Norman D. Hinman?

ABSTRACT: A mass transport theory of the gel chromato-
graphic procedure of Hummel and Dreyer for measuring the
binding of small ligand molecules to macromolecules has been
formulated for ligand-mediated macromolecular association.
It is concluded that the Hummel-Dreyer procedure is the
method of choice for quantitating ligand binding in such sys-

Hummel and Dreyer (1962) introduced the following gel
chromatographic procedure for quantitating the binding of a
small ligand molecule, X, by a protein or other macromolecule,
M. After equilibration of a column of Sephadex (G-25 or other
grade which excludes M) with X, M dissolved in the solution
used to equilibrate the column is applied. The column is then
eluted with the same solution as used for equilibration, and the
effluent is analyzed for X. As the band of M moves down the
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tems. Guidelines are drawn for unambiguous interpretation
of the nonclassical elution profiles in terms of the number of
binding sites on the macromonomer and their intrinsic binding
constant. Most of these guidelines also apply to static equi-
librium methods such as equilibrium dialysis.

column in the exterior mobile phase, it removes X from the
solution within the gel until the binding equilibrium is satisfied
by the concentration of unbound X ahead of M. Subsequently,
M and its complexes with X emerge from the column at its void
volume to give a peak in the elution profile of X, followed at
some point by a trough. The amount of X removed from so-
lution by the protein as manifested by the trough is equal to
the excess X in the peak. The mean number of mol of X
bound/mol of M, v, can be calculated using the area of the
trough or the void volume peak depending, in practice, upon
how the effluent is monitored for X: if by ultraviolet spectro-
photometry (Fairclough and Fruton, 1966) the area of the
trough must be used, since the protein contributes to the ab-
sorbance of the void volume fractions; if by determination of
radioactivity (Levi et al., 1974), the area of the peak can be
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used. Each experiment of this kind gives » at an equilibrium
concentration of X equal to the concentration of X in the so-
lution used for injtial equilibration of the column. These data
are then analyzed in the same way as those from equilibrium
dialysis (Klotz and Hunston, 1971; Steinhardt and Beychok,
1964; Scatchard, 1949) to give the number of binding sites on
the protein molecule and their binding constant(s).

The described behavior is for ideal systems uncomplicated
by changes in the state of aggregation of the protein induced
by ligand binding. One might expect rather different elution
profiles unamenable to classical interpretation for systems
undergoing reversible ligand-mediated association, because,
conceivably, association would enhance or might even inhibit
ligand binding, depending upon reaction mechanism and ratio
of ligand to macromolecule concentration. Such experiments
are beginning to appear in the literature (Levi et al., 1974; Lee
et al., 1975; Wilson et al., 1975). Accordingly, theoretical
profiles have been calculated for a variety of model systems
in order to ascertain how the equilibrium constant and the
stoichiometry of the binding reaction per se can best be de-
termined experimentally. The results of these calculations are,
in turn, compared with those for equilibrium dialysis and other
static methods not involving mass transport, which show even
severer departure from classical behavior when applied to li-
gand-mediated association.

In order to insure against unwarranted generalizations
concerning the analysis of ligand-binding data on associating
systems, it was necessary to examine in some detail a rather
large number of model systems. Of these, the following were
chosen to illustrate the principles involved: The completely
cooperative interaction (reaction 1)

mM+ mX=MX,, m=2 4 and 6 (1)
the sequential monomer-tetramer reaction (reaction set II)

M+ X=MX, K,
4AMX = MyXy4, K, (2)

the sequential and progressive tetramerization

M+ X=MX, K,
2MX = M,X,, K,
MX + M,X, = M;3X;, K3
MX + M:X3 = MsX4, K4
K,=K;=K;8K, (3)
the monomer-dimer reaction

M+ X = MX, K,
M+ MX=MX, K> (4)
the monomer-dimer-trimer reaction
M + X = MX, K,
M+ MX=M,X, K,
MX + M, X = M3X3, K3
K,=K;=K, (5)
and the elaborated monomer-dimer-trimer reaction

M+ X=MX, K, M + M)X; = M;3X,, K¢
M+ MX=MX, K> MX + MyX,; = M;5X,, K5
2MX = M,X,, K3 MyX + X = M)»X,, K3
M+ MX=Ms3X, K4 M;3X + X = M3X,, Ko
MX + M, X = M3X,, K5 M;3X, + X = M1X3, Ko
K2=K3=K4=K5=K6=K7EK3
Ki=Kg=Ko=Kio=K (6)

Reaction 1 says nothing about the mechanism of interaction
other than its cooperativity. Reactions sets 2-5 schematize the
ligand-mediated mechanism of reversible polymerization in
which obligatory binding of ligand to the monomer must pre-
cede macromolecular association, and dissociation of the
polymer(s) must precede release of ligand bound into the
complex(es). Reaction set 6 is not purely mediated but contains
an aspect of ligand-facilitated polymerization (Tai and Ke-
geles, 1975) in that the binding reactions governed by K3, K,
and K tend to stabilize the dimer and trimer formed via li-
gand mediation.

Theory

Static Equilibrium Methods. Equilibrium dialysis and
comparable methods for measurement of ligand binding, which
do not involve mass transport, were simulated by numerical
solution of the mass action expressions for given constituent
concentration of macromolecule, Cy,, and ligand, C)

Crm = [M] + K [M][X] + 2K, K2[M]2[X]  (la)
C = [X] + K\ [M][X] + K1K>[M][X] (1b)

whose simultaneous solution by the Newton-Raphson method
(p 319 in Carnahan et al., 1969) gives the equilibrium con-
centrations, [ ], of M and X which, in turn, are used to cal-
culate the quantities

[MX] = K,[M][X] (2)
[MyX] = K\ K,[M]2[X] 3)
v = ([MX] + [M2X])/Cn (4)

The results are displayed either as double-reciprocal plots
(Klotz and Hunston, 1971) of 1/» vs. 1/[X] or as Scatchard
plots (Scatchard, 1949) of v/[X] vs. ». It can be shown ana-
lytically that the intercept of the Scatchard plot with the or-
dinate for individual model systems is: reaction set 2, K; 3, K;
4, K\ + K\K2Cry 5, Ky + K\K.Cryy and 6, K + KK,Cry +
KK,2Cr2.

It can also be deduced analytically that for reaction set 4 the
binding isotherm and, thus, both the double-reciprocal and
Scatchard plots are stationary at their midpoint (v = 0.5),
where 1/[X] = K, independent of K, and Cm.

Hummel-Dreyer Procedure. The theory to be described is
for elution chromatography using a bed of gel which com-
pletely excludes the macromolecular species but is freely ac-
cessible to the unbound ligand. The computations are for the
limiting case of reactions so fast relative to flow rate that, in
effect, there is local equilibrium among the interacting species.
Theoretical profiles of macromolecule and ligand concentra-
tion in the mobile phase vs. position along the chromatographic
column were computed by numerical solution of the appro-
priate system of equations comprised of the continuity and
mass-action equations for constituent macromolecule and
constituent ligand. There is a close analogy between the
equation of continuity for exchange of solute between sta-
tionary and mobile phase with simultaneous axial dispersion
in gel chromatography, and the transport equations which
conserve mass during sedimentation and electrophoresis.
Likewise, the calculation can be described in analogous terms.
Imagine that the chromatographic column is divided along its
longitudinal axis into a number of discrete segments of length,
Ax. Given the initial equilibrium concentrations of the several
species in the mobile phase of each segment, we calculate the
change in the longitudinal distribution of material during a
short interval of time, At, due to chromatographic transport.
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It is assumed that there is no reequilibration by interaction
during At, each species being chromatographed independently
from its distribution at the beginning of the interval. After the
concentrations have been advanced, equilibrium is recalcu-
lated. That is, for known constituent concentrations of mac-
romolecule and ligand computed from the concentrations of
the several species as changed by chromatographic transport,
new equilibrium concentrations are calculated by applying the
law of mass action. We then compute the change in this new
distribution of material due to transport over the next A¢, re-
calculate the equilibrium, and so on, thereby constructing the
evolution of the longitudinal distribution of material in the
mobile phase of the column from the initial condition.

The continuity equation for independent gel chromatogra-
phy (Ackers, 1970) of the ith species in the reacting system
is!

ol 2 . )
oG _ G 9 (5)

at Jx? dx
where C; is the molar concentration in the mobile phase, ¢ is
the time, and x is the longitudinal position in the chromato-
graphic column. L; is the axial dispersion coefficient and v; =
F/%; is the velocity imparted by the flow of eluate at a rate F.
& = « + Bo; is the distribution volume/unit length, o, is the
partition coefficient, « is the void volume/unit length, and 8
is the internal volume/unit length. All of the macromolecular
species have the same partition coefficient, ¢, = 0, while for
unbound ligand, o; = 1. Equation S has been solved in a frame
of reference moving with the velocity of the macromolecular
species, Uy = F/a, which introduces the new position variable
x" = x —vqt. When transformed into the moving coordinate

system eq 5 becomes

dCy 3°Cy
Pl SR, 6
o *ax (6a)
for the kth macromolecular species, and
aC/ 82C1 3C1
—= —(vr—vm) T 6b
P (502 (vr—v )ax’ (6b)

for unbound ligand.

We now introduce discrete time and position variables: ¢,
=nAt,n=0,1,2,...;x;=jAx",j=0,1,2,.../;and re-
place the continuous variables Cy (¢, x”) and C;(¢, x") by the
discrete variables Ci(nAt, jAx'y = Ci(1,, x’;) and Ci(nAt,
jaAx’) = Ci(t,, x’;). In most cases, eq 6a,b was approximated
by explicit finite difference equations as described previously
{see eq 2a in Cann, 1973), but for the more complicated models
{e.g., reaction sets 3 and 4), the implicit Crank-Nicholson
method (p 451 in Carnahan et al., 1969) was used to difference
the differential equations. In the Crank-Nicholson method the
first and second spatial derivatives are taken to vary linearly
with time between their values at the beginning and end of each
time interval, Az. Not only is this a more accurate represen-
tation but, more important, the difference equations are un-
conditionally stable provided that the first spatial derivative
is differenced in the forward direction (Cann, 1973). This af-
fords a significant saving of computer time, since larger values
of At may be used in the calculation. It should be noted, how-

! The continuity equation as formulated here only appears to make the
assumption of instantaneous equilibration of solute between the exterior
mobile phase and the solution within the beads of gel. Actually, the non-
equilibrium perturbation resulting from the finite rate of diffusional dis-
tribution between the two phases is embodied in the axial dispersion
coefficient (Ackers, 1970).
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ever, that the calculation is still subject to the truncation error
due to the way the first spatial derivative is approximated
(Goad and Cann, 1969). Application of the Crank-Nicholson
method to eq 6b, for example, yields the difference equation
(subscript / on C dropped for simplicity)

C(tn-H. X/j) - C([n: x,j) = L

BIOCHEMISTRY, VOL. 15, NO. 21, 1976

At 2(Ax")?
XA[C(tpr1, X770y = 2C(Utnr, X75) + Ct gy, x5 1)]
+ [C([m x/,/ l) - ZC([nv x/_/) + C([nv x/j+l)]}
(w1 — tm) , ,
—IZAT HCne1, X 1) = Cleprr, x75)]

+ [Cltn, x'j41) = Clta, X)) (7)

Given values of C at any time ¢, we can calculate their values
att + At as changed by chromatography using this equation.
But, since it involves values of C(t,41, x’;) at segments j’ that
flank j, the equation at each j contains as unknowns the con-
centrations at three segments, and the following system of
linear equations involving J — 1 unknowns and two boundary
values must be solved

“AC(tyt1, x'1) + [1+ 2N = G)Cltne1, X)) —
A= GIC(t+1. X%41) = AC (g, x751) +
(1 =2\ + GIC(ty, x'}) + (A = G)Ctn, x'j41),
_ LA
T 2(Ax7)?

_ (v —vm)At

=1,2,...J-1
Ay J J (8)

Solution is accomplished by Gaussian elimination as described
in detail on pp 441-442 in Carnahan et al. (1969).

At each time, ¢+, new values of C, and C| are computed
from C; and C; as changed by transport, and reequilibration
is imposed essentially as described above under Static Equi-
librium Methods. The new values of the equilibrium concen-
trations serve as the starting distribution of material for the
next time cycle of chromatography followed by reequilibration,
and so on. Given initial conditions and boundary values, this
recursive calculation allows one to follow the evolution of the
Hummel-Dreyer profile.

The initial conditions depend upon the initial location in the
space grid of the mixture of macromolecule and ligand applied
to the column equilibrated with ligand at concentration [X]..
In many calculations the initial zone was centered in the space
grid such that

Ci (0, x’;) = [kth macromolecular species]®,
Ci(0,x')=[X]°,Cr= [X]e,j=J/2=5,...J/2+5

Ci(0, x’;) =0, (0, x";) = [X].,
j=J/2=5...J/2+5

where [ ]° denoted initial equilibrium concentration. The
boundary values are

Ck([m O) = Ck ([llv X,.I) = 0, Cl(tns O) = C/(tm x/./) = [X]c

Computations were made on the University of Colorado’s
CDC 6400 electronic computer using Ax” = 0.03 — 0.1 cm and
At = 5-20s, except for a control calculation to be discussed
below in which Ar = 30 s. Column parameters were o = 0.295,
8=0.670,L,=3.62X 10"2cm™',and gd> = 5.4 X 107% cm?,
corresponding to Sephadex G-75 (Halverson and Ackers, 1971;
Zimmerman et al., 1971). Values of L were calculated from
eq 6 in Zimmerman et al. (1971) using the following values for
the diffusion coefficients: ligand, 103 cm? s~!; macromo-
nomer, D, =4 X 10~7 cm?s~'; and m-mer, D,,, = D;/m /3.
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FIGURE 1: Theoretical Hummel-Dreyer profiles. (I) Control calculation
for the reaction, M + 4X =MX4 K = 1.04 X 1016 M~4, C =875 X 10~
M initially; {X]c = 1.4 X 107*M;1r =45 X 10“__5: curve a, Hummel-
Dreyer profile; curve b, macromolecule profile of C vs. x”. The value v =
3.18, as calculated from composition of peak, is to be compared with the
equilibrium value, » = 3.20, for [X] = [X].. (II) Calculated for reaction
1 with 30% m-merization at initial C = 1.4 X 1074 M and [X]. = 1.4 X
107% M: (A) Hummel-Dreyer profiles for n = 2 (curve a), n =4 (curve
b),and n = 6 (curve c) at t = 1.5 X 10%s. (B) Profile of macromolecule
corresponding to curve b in A: a, C; b, [M]; and ¢, [M4X4]. (C) Plot of
percent tetramerization at apex of macromolecule profile against time
during evolution of curve bin A, F = 0.36 ml h~', v, = 3.384 X 10~%cm
s™l,and v, — vm = =2.353 X 10~* cm s~! throughout. The fact that the
width of the initial band of macromolecule in I is three times the width in
T accounts for the fortuitous agreement between the heights of the mac-
romolecule profiles.

(Note that the third term on the right hand side of this equation
is dropped in the case of the macromolecular species, because
they are completely excluded from the beads of gel.)

The following simplified notation was adopted for displaying
the results of the calculations: C is generic for molar concen-
tration of macromolecule; C denotes the constituent concen-
tration of macromolecule; as defined previously, [X] is the
equilibrium molar concentration of ligand; [X] denotes the
constituent concentration of ligand; as before, [X], is the
concentration of ligand used to equilibrate the chromato-
graphic column. Theoretical Hummel-Dreyer profiles are
displayed as plots of [X] vs. x’; profiles of macromolecule, C
or Cvs. x’. The distance that the peak of macromolecule moves
down the column is d = v¢, which corresponds to the volume
of eluate, V' = Ft. Chromatographic transport was of sufficient
duration that the concentration of unbound ligand within the
peak of macromolecule approached [X]. to within 0.001-0.1%
in the vast majority of cases and within 1-2% in most oth-
ers.

Since the coordinate system moves with the velocity of the
macromolecule, the truncation error due to the way in which
the first spatial derivative is approximated applies only to the
ligand and acts to increase its axial dispersion by an amount
|os = vm|Ax’/2 (Goad and Cann, 1969). The influence of this
“truncation dispersion” on the shape of the Hummel-Dryer
profile was minimized as described previously (Cann and
Kegeles, 1974), in some cases completely compensating for the
error. With the more complex reaction sets 3 and 6, a com-
promise with respect to the size of Ax’ was dictated by practical
considerations of the computer time required for calculation;

161
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FIGURE 2: Theoretical Hummel-Dreyer profiles calculated for reaction
set 2 with 25% tetramerization initially. (A) Hummel-Dreyer profiles:
curvea, Ky =191 X 10*°M~'and K, = 1.15 X 1012 M~3; curve b, 7.14
X 10%and 5.83 X 10'%; curve ¢, 2.92 X 103 and 4 50 X 10'3; curve d, 1.05
X 103 and 1.05 X 10!% and curve e, 9.62 X 10! and 7.49 X 10'®. All other
parameters as in Figure 1-II. (B) Macromolecule profile corresponding
tocurve din A: a, C; b, [M]; ¢, [MX]; and d, [M4X4]. (C) Plot of percent
tetramer at apex of macromolecule profile against time during evolution
of curve d in A.

the larger Ax’, the larger is “truncation dispersion™. In these
cases, only about one-third of the error could be compensated
for, but this is tolerable, since pilot calculations showed that
the major influence of “‘truncation dispersion” is to increase
the spreading of the trough in the profile with negligible effect
(<0.002%) on the amount of ligand bound to the macromol-
ecule.

Finally, a brief consideration of errors other than “trunca-
tion dispersion” are in order. In the control calculation dis-
played in Figure 1-I the area of the trough is about 8% greater
than the area of the peak, although (1) the overall ligand ma-
terial balance is good to about 1%, (2) the protein material
balance is good to better than 0.002%, and (3) the value of »
calculated from the composition of the peak agrees to 0.6%
with the equilibrium value for [X] = [X],. The discrepancy
between the areas is attributed to the truncation error due to
the way in which the time derivative is approximated, which
is O(At) for the explicit difference equations (Richtmeyer and
Morton, 1967). When the value of Ar was reduced from 30 to
10 s, the discrepancy decreased to about 5% with material
balance good to about 0.5%. A different kind of error is shown
by the profiles displayed in Figures 1-IIA and 2A, the area of
the trough being about 10% smaller than the area of the two
peaks with overall ligand material balance good to about 0.1%.
Here, the discrepancy is due to the fact that the concentration
of unbound ligand was significantly perturbed in segment j =
1 next to the segment in which the boundary value C;(¢,,, 0) =
[X]. was imposed. Under this circumstance, segment j = 0 in
effect acts as a source from which ligand diffuses into the
trough. When At is sufficiently small and care is taken not to
disturb the concentration of ligand in the segments adjacent
to j = 0, the area of the trough agrees with the area of the
peak(s) to within 0.003% (Figure 4) with excellent material
balance to about 3 X 10~%%. These conditions obtain in the
calculations for reaction sets 3-6 inclusive.

Assessment of Theoretical Profiles. The following expla-
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FIGURE 3: Plot of the relative area of the peak of released ligand; percent
of total area of the peaks of released and bound ligand vs. the concentration
of ligand used to equilibrate the Hummel-Dryer column, [X],, for reaction
set 2 with values of macromolecule concentration and other parameters
corresponding to curve d in Figure 2A.
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FIGURE 4: Effect of the concentration of ligand used to equilibrate the
chromatographic column upon the shape of the theoretical Hummel-
Dreyer profile (curve a), calculated for reaction set 4 with K, = 5 X 104
M~Tand K; =45 X 10 M~ (A) [X]c=1X10""Mand » = 0.0175 as
calculated from the composition of the peak of bound ligand; (B) [X]. =
5% 10“5_M and v = 0.633. Curve b is the macromolecule profile, C vs. x’.
Initially C =455 X 107 M, F=2mlh™), v, =1.885X 1073 cms™!,
vy —om==1309 X 103 cms~!, and r = 9.98 X 103s.

nation of the moving-coordinate system and the concentration
frame of reference used in the calculations serves to place the
theoretical Hummel-Dreyer profiles into proper experimental
perspective. First, let us refer to Figure 1-1 for clarification of
the moving-coordinate system, x’ = x — v,f. When the zone
of macromolecule admixed with ligand was applied to the
equilibrated column at ¢t = 0, it was centered at x’ = x = 13.50
cm. During simulated chromatography, the peak of macro-
molecule remained at this location as the coordinate system
moved to the left with the velocity of the macromolecular
species, v, = 3.389 X 1074 ¢cm s~!. By the time ¢ = 4.497 X
104 s of chromatography, the starting position had moved from
x"=x=1350cmtox’ = 13.50 — 3.389 X 1074 X 4.497 X 10*
= —1.74 ¢cm. In other words, the macromolecule moved the
distance d = 13.50 + 1.74 = 15.24 ¢m down the column. Si-
multaneously, the trough in the ligand profile formed and
moved,d = 4.23 + 1.74 = 5.97 cm. Perhaps, this can be seen
more clearly by transforming back to the stationary coordinate
system in which the macromolecule was initially centered at
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x = 13.50 cm. After chromatography, the macromolecule was
centered at x = x’ + vt = 28.74 ¢cm, and the trough at x =
19.47 cm. One may make other linear transformations such
as assigning x = 0 to the initial position, in which case x = 5.97
cm for the trough and 15.24 cm for the macromolecule.

The concentrations represented in the profiles displayed in
Figures 1, 2, and 4 correspond to those in the mobile phase
within the column rather than to those in the effluent. Thus,
the theoretical profiles do not have exactly the same shapes as
would be obtained experimentally in elution volume profiles.
In particular, the peaks and trough in the elution profile would
be broader than in the computed one, but this has little, if any,
consequences for the conclusions reached in this study, since
integration of the areas in the elution profile would provide the
same information. Nor are the theoretical profiles quite the
same as would be obtained by direct optical scanning of the
column (Ackers, 1970) which measures solute concentrations
with respect to the total column, mobile plus stationary phase;
here too the same information is embodied in the experimental
profiles and is readily retrievable.

Results

The results of the calculations are presented below in a
format which first considers theoretical predictions as to the
shape of Hummel-Dreyer profiles for ligand-mediated asso-
ciation and then turns to the problem of quantitative inter-
pretation of the profiles in terms of stoichiometry and binding
constants. Ample comparisons are drawn between the Hum-
mel-Dreyer procedure and static methods, such as equilibrium
dialysis, in order to emphasize that the same precautions and
guidelines for interpretation of raw binding data apply to
both.

Shape of Hummel-Dreyer Profiles. The control calculation
displayed in Figure 1-1 shows that in the absence of ligand-
mediated macromolecular association the shape of the theo-
retical Hummel-Dreyer profile is classical, even for coopera-
tive binding of ligand. In contrast, the shape of the profile can
depart markedly from classical expectation for ligand-me-
diated association, as illustrated in Figures 1-I1A and 2A for
reaction 1 and reaction set 2, respectively. Typically, the profile
shows a peak of ligand associated with the peak of macro-
molecule (Figures I-IIB and 2B) followed by a peak of un-
bound ligand, which, in turn, is followed by a trough. This
behavior is understood as follows. As the initially narrow band
of macromolecule departs from the top of the chromatographic
column to begin its passage down the column in the exterior
mobile phase, it removes ligand from the solution within the
gel until the simultaneous ligand-binding and macromolecular
association equilibria are satisfied with respect to the con-
centration of ligand ahead. This is the process which gives rise
to the trough. At the same time, however, the concentration
of macromolecule and its complexes decreases continuously
as the band spreads due to axial dispersion. Consequently,
macromolecular association is reversed by mass action with
concomitant release of ligand bound into the m-mers. The
released ligand lags behind the advancing band of macro-
molecule and would form a long, trailing plateau in the profile
if macromolecular dissociation could proceed unabated. Ac-
tually, however, the amount of m-mer decreases progressively
during passage down the column. In addition, the rate of
spreading of the band, 4(x"2 — x"2)'/2/dt, decreases virtually?
as 1~'/2, so that dilution and, thus, dissociation of the re-

T Virtually”, because the average axial dispersion coefficient of the
macromolecule increases slightly with time as m-mer dissociates.
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maining m-mer also decrease. Consequently, the concentration
of released ligand must pass through a maximum to form a
peak which skews forward to blend into the peak of bound li-
gand. These several processes are illustrated graphically in
Figures 1-1IC and 2C, which show that the relative amount
of m-mer passes through a maximum, at first increasing as
ligand is withdrawn from the gel and then decreasing as a result
of dissociation within the spreading band.

The area of the peak of released ligand as compared to the
peak of bound ligand is governed by several factors, foremost
of which is the order of macromolecular association. The
higher the order of association, other things held constant, the
larger is the relative area of the peak of released ligand (Figure
1-ITA). This is a direct consequence of the law of mass action;
the concentration of higher-order m-mers being more sensitive
to the dilution, which occurs in the spreading band. For a given
order of association, the relative area of the peak increases with
increasing ratio of the macromolecular association constant
to the binding constant (Figure 2A), because the extent of
enhancement of ligand binding by the association reaction
increases with the strength of association. Finally, the relative
area is sensitive to the concentration of ligand used to equili-
brate the chromatographic column, the exact functional re-
lationship depending upon reaction mechanism. For the se-
quential monomer-tetramer reaction set 2, the relative area
passes through a maximum with increasing ligand concen-
tration (Figure 3). The area at first increases because there is
an increasing amount of tetramer to dissociate in the spreading
band with concomitant release of ligand. At higher [X].,
however, another mass-action effect dominates; namely, the
overall reaction is driven so strongly to the right (i.e.,
K 2K5[X]* = [MaX4]/[M]? increases so markedly) that there
is progressively less dissociation of tetramer upon dilution. For
certain other models (e.g., reaction set 4) the profile (Figure
4) shows a peak of released ligand only at low [X]. where di-
merization enhances ligand binding. At higher [X]., dimeri-
zation inhibits binding by removing unliganded monomer from
the reaction arena. Consequently, dissociation of the dimer in
the spreading zone does not release ligand, rather it favors
further ligand binding.

Interpretation of Hummel-Dreyer Profiles. We now ad-
dress ourselves to the problem of quantitative interpretation
of the nonclassical Hummel-Dreyer profiles shown by ligand
mediated associating systems. The questions posed are the
following. “Should the composite of the peaks of released and
bound ligand (corresponding in practice to the area of the
trough) or the peak of bound ligand be used to calculate »”?
“Should one employ a double-reciprocal plot or a Scatchard
plot to determine the number of binding sites and the apparent
binding constant™? “How can the actual binding constant be
derived”? “Do not similar considerations also apply to the
interpretation of data from static equilibrium experiments”?
Unambiguous answers required examination of several dif-
ferent model systems.

Let us first consider reaction set 2, which is a cooperative
interaction in the sense that tetramerization of the liganded
monomer enhances ligand binding at all ligand concentrations.
As a consequence of the cooperativity, the double-reciprocal
plots of theoretical binding data (curves a, b, and ¢ in Figure
5A) are concave toward the abscissa and extrapolate to the
ordindte with a very flat slope. Whereas the intercept with the
ordinate and, thus through reciprocity, the number of binding
sites on the monomer are readily determined, the apparent
binding constant (Kapp), given by the quotient of the intercept
and the limiting slope, is not the intrinsic binding constant (K;)

A W O N
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FIGURE 5: Theoretical double-reciprocal plots of ligand-binding data.
(A) Calculated for reaction set 2 with Ky = 1.05 X 103 M~!and K, = 1.05
X 10" M~3: a, static equilibrium methods, C = 1.4 X 104 M; b, Hum-
mel-Dreyer procedure using composite of the peaks of released and bound
ligand to calculate »; c, Hummel-Dreyer method using peak of bound li-
gand to calculate »; d, limit of infinite dilution of macromolecule, where
v =K, [X]/(1 + K;[X]). For the Hummel-Dreyer calculations, C = 1.4
X 107% M initially, [X] = [X]¢;0m = 3.39 X 10~4ecms™',andr = 1.5 X
104s. (B) Calculated for reaction set 3 with Ky = 5 X 10*°M~'and K, =
1 X105 M~} a, static equilibrium, C = 1.4 X 107% M; b, static equilib-
rium, C = 1.4 X 1073 M; ¢, Hummel-Dreyer with C = 1.4 X 1074 M
initially, v, = 1.88 X 10~3cm?s~!,and t = 1 X 10%s; d, Hummel-Dreyer,
C=14X10"*M initially; and e, limit of infinite dilution.

but rather some weighted average of K and the tetrameriza-
tion constant (K3). Moreover, this departure from the classical
prediction for nonassociating systems (curve d) is even more
severe for static equilibrium measurements (curve a) than for
Hummel-Dreyer experiments (curves b and c¢), because the
dilution of macromolecule inherent to the chromatographic
procedure decreases the role of tetramerization. In principle,
extrapolation to infinite dilution of K,pp values determined at
progressively lower macromolecule concentration should
eliminate the role of tetramerization completely to give K|, but,
as shown in Figure 6, the extrapolation would be uncertain in
practice because of the sigmoid shape of the plot. In passing,
we note that Figure 6 also illustrates the corollary that the
larger K3, the greater is the departure from classical behavior.
Since the use of double-reciprocal plots in the present context
clearly leaves something to be desired, we make appeal to
Scatchard plots.

The Scatchard plots of the theoretical binding data displayed
in Figure 7A reflect the cooperativity of the reaction by their
open downward shape. While they extrapolate to the abscissa
in a straightforward manner to give the correct number of
binding sites on the monomer, their approach to the intercept
with the ordinate is marred by a small toe. This means that,
in practice, linear extrapolation to the ordinate would under-
estimate the value of X;: by about 25% for static equilibrium
measurements, about 20% for Hummel-Dreyer data obtained
from the composite of the peaks of released and bound ligand
(i.e., the trough in the profile), and only about 8% for Hum-
mel-Dreyer data from the peak of bound ligand. Thus, both
chemical intuition and theory tell us that, whenever possible,
the area of the peak of bound ligand should be used to calculate
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FIGURE 6: Plot of the ratio (K,pp/ K1) of apparent binding constant given
by double-reciprocal plots to the intrinsic binding constant vs. the con-
centration of macromolecule (C) showing extrapolation to infinite dilution;
calculated for reaction set 2 with K; = 1.0S X 103 M~'and K, =1.05 X
105 M~3 for the two curves, and X; = 1.05 X 10 M~ and K5 = 4.29 X
106 M3 for the two_points: curve a and point @, static equilibrium
methods for which CB C; curve b and point A, Hummel-Dreyer procedure
for which C = C initially.
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FIGURE 7: Theoretical Scatchard plots of ligand-binding data. (A)
Calculated for reaction set 2; curves a, b, and ¢ same as in Figure SA. (B)
Calculated for reaction set 3; static equilibrium methods with K; = 5 X
10°M~'and C =14 X 10"*M:a, K, =1 X 105M~1;b,5 X 104 M,
¢, 1 X 104M~;d, 5 X 1073 M~!; and e. limit for either K, = 0 or infinite
dilution of macromolecule. (C) Calculated for reaction set 3 with K; =
S X 10 M~V and K; = 1 X 105 M™!; curves a, b, and ¢ are for static
equilibrium with C = 1.4 X 10~4,7 X 10~%, and 1.4 X 10~ M, respec-
tively, curve d, limit of infinite dilution. Curves 1 and 2, points 3 and 4,
and curve 5 are for the Hummel-Dreyer procedure with F = 2mlh~!, vy,
1.88 X 107* cm s™', and the following values for other parameters: C
1.4 X 10~ M initially, except for curve 5 where C = 1.4 X 1075 M; ¢
=1X10%2X104%3X10%4X10%and 1 X 10%s, respectively;d = 18.8,
37.7,56.5,75.4, and 18.8 cm, respectively. Isochore (- - -} connects points
of equal equilibrium concentration of ligand, 6 X 1079 M.
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v, and we adopted this guideline in all of the theoretical cal-
culations that follow.

The properties and Hummel-Dreyer behavior of interac-
tions which are cooperative in macromolecules were explored
further in calculations on the sequential and progressive te-
tramerization reaction set 3. For this model system, the
Scatchard plots, which are also open downward in shape
(Figures 7B,C), extrapolate smoothly to the ordinate to give
K. The contrast between the simplicity of this treatment of
the data and the corresponding double-reciprocal plots pre-
sented in Figure 5B is telling.

The calculations for static equilibrium methods displayed
in Figure 7B show how very sensitive ligand binding can be to
the macromolecular association which it mediates, while the
comparisons drawn in Figure 7C define conditions which are
4620
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FIGURE 8: Theoretical ligand-binding data for reaction set 4 with K| =
SX10*M~"and K2 = 1.5 X 10° M~ (A) Double-reciprocal plots: a, b.
and ¢ are for static equilibrium methods with C = 7.27 X 10~5, 1.8 X 10~,
and 4.55 X 107 M, respectively; d. Hummel-Dreyer procedure, C = 1.8
X 10~* M initially and other parameters as given in legend to Figure 4;
c. limit of infinite dilution of macromolecule. (B) Plots of percent dimer-
ization at static equilibrium against constituent concentration of ligand;
a, b, and ¢ relate to curves a, b. and ¢ in Figure A, respectively.

applicable to the quantification of ligand-mediated association
reactions in general. Thus, we see the advantage conferred
upon the Hummel-Dreyer procedure by the dilution of mac-
romolecule, which results from axial dispersion (compare curve
I with curve a), and the longer the chromatographic column,
the closer the system converges upon the limit in which asso-
ciation no longer enhances ligand binding (Follow the isochore
from curve 1 to point 4.) It is also apparent that, in practice,
the limit can be approached more efficiently by applying a
lower concentration of macromolecule to a column of moderate
length (compare curve 5 with curve 1), provided that the sac-
rifice of some analytical precision can be tolerated.

Granted these generalizations which emerge in a natural
way from consideration of cooperative interactions, it remains
so that other reaction mechanisms will give double-reciprocal
and Scatchard plots whose shapes and interpretation differ
markedly from those shown by cooperative interactions. This
is well illustrated by calculations for the monomer-dimer re-
action set 4. The double-reciprocal plots displayed in Figure
8A have a shape reminiscent of nonassociating systems char-
acterized by heterogeneity of binding sites with respect to their
intrinsic affinity for ligand. In the case of the associating sys-
tem, the shape reflects the fact that, whereas the dimerization
reaction enhances ligand binding at concentrations of ligand
less than the midpoint concentration, dimerization actually
inhibits binding at higher ligand concentrations by removing
unliganded monomer from the reaction arena. Moreover, when
the strength of ligand binding is the same order of magnitude
or weaker than dimerization, very high concentrations of ligand
are required to reverse the dimerization reaction (Figure §B)
via binding to the released unliganded monomer, thereby
driving the binding reaction to completion. This explains the
steep descent of curve a in Figure 8A to its intercept with the
ordinate. Obviously, it is difficult, if not impossible, to extract
intrinsic binding constants from such plots. Fortunately, the
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FIGURE 9: Theoretical ligand-binding data: (A) Scatchard plots of the
same data displayed in Figure 8A as double-reciprocal plots. (B) Scatchard
plot for reaction set 5 with either K} = 5 X 10* M~ K, = 1.5 X 10° M1,
and C=14X1074M,orK; =5 X 10*M~1, K, =1.5x 10°M~}, and
C = 1.4 X 10~ M; static equilibrium methods. (C) Double-reciprocal plot
of same binding data as in B.

corresponding Scatchard plots (Figure 9A) are transparent,
although still reminiscent of heterogeneous systems in being
concave toward the abscissa. The apparent binding constant,
as given by the quotient of the intercept with the ordinate and
the number of binding sites from the intercept with the ab-
scissa, is readily extrapolated to infinite dilution of macro-
molecule to yield the intrinsic binding constant.? In agreement
with analytical prediction for this model system, the extrapo-
lation is linear (Figure 10A). This is so for the Hummel-dreyer
procedure, as well as static equilibrium methods, because of
our assumption of rapid equilibration relative to flow rate and
the constancy of time of chromatography and column pa-
rameters. It is important to note, however, that the linearity
is not a generalization; the extrapolation being predictably
curvilinear for reaction set 4 (Figure 10B).

Finally, a word of caution concerning determination of the
number of binding sites on the monomer is in order. Thus,
extrapolation of the Scatchard plot to the abscissa can be
subject to considerable error, as illustrated by curve a in Figure
9A and the plot displayed in Figure 9B for the monomer-
dimer-trimer reaction set 5. The latter plot approaches very
close to the abscissa at v ~ 0.7 and then hugs the abscissa as
it slowly converges to the actual number of binding sites at »
= 1. Nor can the number of sites be determined from a dou-
ble-reciprocal plot of the binding data, since, as shown in
Figure 9C, the curve now approaches the ordinate at 1 /v ~ 1.5
and then hugs the ordinate as it converges to 1 /v = 1. This
behavior is a direct consequence of mass action, as illustrated
in Figure 11: namely, dimerization and trimerization are
sufficiently strong that it requires extremely high concentra-
tions of ligand to drive the dissociation of m-mers via binding
to the concomitantly released unliganded monomer. If ex-
perimentally it is impractical to make measurements at suf-
ficiently low macromolecule concentration so as to lift the
Scatchard plot from the abscissa (e.g., curves ¢ and d in Figure

3 All of the results reported here are for model systems which assume
a single binding site on the monomer, but unpublished equilibrium cal-
culations for a model system with two binding sites having the same in-
trinsic affinity for ligand generalize this conclusion. If the binding sites
happen to be heterogeneous, the extrapolation to infinite dilution gives
the arithmetic mean intrinsic binding constant (Klotz and Hunston,
1971).

1074x Kapp
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FIGURE 10: Extrapolation of apparent binding constant, K,pp, from
Scatchard plot to infinite dilution of macromolecule. (A) Calculated for
reaction set 4 with Ky = 5 X 10* M~ a, static equilibrium methods, C
= C (to within 1% the slope equals KK as predicted analytically); b,
Hummel-Dreyer procedure, C = C initially and other parameters as given
in legend to Figure 4. (B) Calculated for reaction set 6 with K = 5 X 10*
M~1and K, = 1.5 X 10° M~!: a, static equilibrium (agrees with the an-
alytically predicted quadratic curve to within 0.6%); b, Hummel-Dreyer
with same column parameters as for b in A,
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FIGURE 11: Plots of percent dimerization and percent trimerization
against equilibrium concentration of ligand; in exact correspondence with
the calculation displayed in Figures 9B,C.

9A), the intercepts on the ordinate can still be used to deter-
mine the binding constant to the first site.

Discussion

The conclusion reached in this study is that the gel chro-
matographic procedure of Hemmel-Dreyer (1962) is the
method of choice for quantitating ligand binding when the li-
gand mediates association of the macromolecule. In fact, the
theoretically predicted shape of the elution profile for li-
gand-mediated association may prove to be diagnostic for such
interactions. Profiles showing a peak of bound ligand followed
by a peak or broad shoulder of unbound ligand and, subse-
quently, a trough have been observed experimentally with two
associating systems: the binding of GTP by tubulin in mi-
crotubule-reassembly buffer (Levi et al., 1974) and the binding
of vinblastine by tubulin (Lee et al., 1975; Wilson et al., 1975).
Our calculations provide the following guidelines for unam-
biguous interpretation of Hummel-Dreyer profiles when it is
known or suspected that the ligand induces association of the
protein. (1) Whenever possible, the area of the peak of bound
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ligand, rather than the area of the trough, should be used to
calculate the mol of ligand bound/mol of macromolecule. (2)
Double-reciprocal plots of the binding data must be avoided.
(3) The intrinsic binding constant is determined by extrapo-
lating the apparent binding constant given by the Scatchard
plots to infinite dilution of macromolecule. (If the Scatchard
plot is open downward in shape, extrapolation to infinite
dilution may be superfiuous.) (4) The extrapolation need not
be linear. All but the first also apply to static equilibrium
methods.

Although these guidelines were arrived at by computer
simulation using model systems, a model is not required for
interpretation of experimental binding data. This is so because
the extrapolation to infinite dilution erases the role of associ-
ation in determining the extent of ligand binding at finite
macromolecule concentrations. Having determined the number
of binding sites on the macromonomer and their intrinsic
binding constant, the mechanism of the ligand-mediated as-
sociation can be elucidated through application of independent
biophysical methods, such as ultracentrifugation, light scat-
tering, and rapid kinetic measurements (Lee et al., 1975;
Frigon and Timasheff, 1975; Morimoto and Kegeles, 1971; Tai
and Kegeles, 1975).

It is instructive to show how the theoretical calculations
apply explicitly to binding studies on the GTP-tubulin and
vinblastine-tubulin systems. In the case of the GTP-tubulin
system (Levi et al.,, 1974), the number of moles of GTP
bound/mole of tubulin was measured in reassembly buffer as
a function of GTP concentration using the Hummel-Dreyer
procedure. Values of » were determined from the composition
of the void-volume peak of bound ligand rather than from the
trough in the elution profiles, but the data were analyzed by
means of double-reciprocal plots. The plots are very flat and
yield a binding constant which, in view of the theoretical results
displayed in Figures 5 and 6, is probably artifactually large.
The theory indicates that the experiments should be repeated
at several different concentrations of tubulin, preferably in a
buffer which does not support reassembly. Apparent binding
constants should be determined from Scatchard plots and
extrapolated to infinite dilution of tubulin in order to obtain
the intrinsic binding constant.

Turning to the interaction of vinblastine with tubulin, the
theoretical calculations indicate that interpretation of binding
experiments on this system must take cognizance of the fact
that the drug induces association of the protein (Lee et al,,
1975). Lee et al. (1975) present a Scatchard plot of Hum-
mel-Dreyer data for binding of vinblastine to calf brain tu-
bulin. The data are fitted to a straight line (their Figure 4),
although it would appear to us that the data may actually de-
scribe a curve concave toward the abscissa, as in Figure 9A.
It is possible that linearization of the data accounts for the
apparent stoichiometry of n = 1.8, rather than an integer. A
more serious concern is the order of magnitude difference
between their value, 2.2 X 10* M1, for the binding constant
and the value, 8.2 X 10° M~1, obtained by Wilson et al. (1975)
for embryonic chick brain tubulin using a Scatchard plot of
binding data determined by a static equilibrium method. These
investigators also fitted to a straight line data which would
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seem to describe a curve concave to the abscissa (read indi-
vidual sets of measurements in their Figure 2). Although the
difference in binding constant values obtained in these two
studies might be species related, it could instead be a conse-
quence of different degrees of vinblastine-induced association
under the different experimental conditions. In any case, it is
to be expected that this apparent discrepancy will resolve itself
once binding measurements, which define as precisely as
possible the shape of the Scatchard plots, are made at different
tubulin concentrations, and the apparent binding constants are
extrapolated to infinite dilution to obtain the intrinsic con-
stant.

Lastly, the results of our calculations have conceptual im-
plications for qualitative interpretation of graphical repre-
sentations of binding data. Thus, a concave downward (neg-
ative curvature) double-reciprocal plot (e.g., Figure 8A) or a
concave upward (positive curvature) Scatchard plot (e.g.,
Figures 9A,B) need not necessarily be indicative of hetero-
geneity of binding sites with respect to their intrinsic affinity
for ligand. Ligand-mediated associating systems with homo-
geneous sites can also give such plots.
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